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This study is concerned with the effect of thermal radiation on the unsteady mixed convection flow
of a Jeffrey fluid past a porous vertical stretching surface. The arising problems of flow and heat
transfer are solved analytically by employing homotopy analysis method (HAM). It is observed that
the flow field is influenced appreciably by the unsteadiness parameter ζ , suction parameter S, mixed
convection parameter λ , Deborah number β , Prandtl number Pr, and the radiation parameter Nr. Our
performed computations depict that the heat transfer rate is increased with increasing values of Pr,
Nr, and ζ .
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1. Introduction

The flows of non-Newtonian fluids [1 – 10] have
gained importance because of their extensive applica-
tions in industry and technology. The boundary layer
flows of non-Newtonian fluids over a stretching sur-
face along with heat transfer characteristics are also of
great importance in engineering. Such flows have been
studied widely in the last few years. Examples of such
flows include hot rolling, wire drawing, crystal grow-
ing, extrusion of sheets etc. Crane [11] considered the
flow of a viscous a fluid over a linear stretching surface.
Subsequently, various stretching flow problems along
with heat transfer have been considered in many inves-
tigations [12 – 20]. Much attention in the past has been
given to the two-dimensional stretching flow problems.
Little effort is devoted to examine the time-dependent
stretching flow problems [21 – 25].

In many practical situations the surface stretches
in a quiescent fluid. The fluid flow is caused by mo-
tion of a solid surface and by thermal buoyancy. The
flow and heat transfer are therefore determined by sur-
face motion and buoyancy. It is obvious that buoyancy
forces arise from the heating or cooling of continu-
ous stretching sheets. These forces alter the flow and
thermal fields and thereby the heat transfer character-
istics of the manufacturing processes. The influence
of thermal buoyancy on heat transfer from a continu-
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ous moving surface in viscous and incompressible flu-
ids is analyzed in the studies [26 – 30]. Elbashbeshy
and Bazid [24] presented an exact similarity solution
for unsteady momentum and heat transfer flow over
a linear stretching surface. Very recently, Mukhopad-
hyay [25] examined the effect of thermal radiation on
unsteady mixed convection flow and heat transfer over
a porous stretching surface in a porous medium. The
purpose of the present investigation is to analyze the
heat transfer over an unsteady mixed convection flow
of a Jeffrey fluid over a stretched vertical surface. Se-
ries solution of the problem is obtained by employ-
ing the homotopy analysis method (HAM) [31 – 45].
This method is a very powerful analytical tool and has
been already applied by several investigators to vari-
ous problems. Graphical results for interesting param-
eters are presented. Numerical results of skin friction
coefficient and local Nusselt number are tabulated for
various values of the embedding parameters.

2. Mathematical Formulations

We consider heat transfer analysis in a Jeffrey fluid.
The flow and heat transfer characteristics are due to
stretching of a heated or cooled vertical surface with
velocity uw = cx

1−αt and temperature distribution Tw =
T∞ + 1/2T0Rexx−1(1−αt)−1 = T∞ + T0

cx
2ν (1−αt)−2,

where Rex = uwx
ν is the local Reynolds number. The
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density variation and the buoyancy effects are taken
into account and the Boussinesq approximation for
both the temperature and concentration gradient is
adopted. The fluid is electrically conducting in the
presence of applied magnetic field B0. The boundary
layer equations in the absence of heat generation and
viscous dissipation are

∂u
∂x

+
∂v
∂y

= 0, (1)

∂u
∂ t

+ u
∂u
∂x

+ v
∂u
∂y

=
ν

1 + λ1

[
∂ 2u
∂y2 + λ2

(
∂ 3u

∂y2∂ t
+ u

∂ 3u
∂y2∂x

+
∂u
∂x

∂ 2u
∂y2 + 3

∂u
∂y

∂ 2u
∂x∂y

+ v
∂ 3u
∂y3

)]

+ gβT(T −T∞)− σ
ρ

B2
0(t)u,

(2)

∂T
∂ t

+ u
∂T
∂x

+ v
∂T
∂y

=
k

ρCp

∂ 2T
∂y2 − 1

Cp

∂qr

∂y
. (3)

The subjected boundary conditions are

u = Uw(x) =
cx

1−αt
, v = vw = − v0

(1−αt)1/2 ,

T = Tw, at y = 0,

u → 0,
∂u
∂y

→ 0, T → T∞ as y → ∞,

(4)

where αt < 1, x and y are the Cartesian coordinates,
ν is the kinematic viscosity, t is the time, u and v are
the velocity components along x- and y-axes, respec-
tively, λ2 is the relaxation time, and λ1 is the ratio of
relaxation to the retardation time, T is the fluid temper-
ature, g is the gravitational acceleration, βT is the volu-
metric coefficient of thermal expansion, k is the coeffi-
cient of thermal expansion, qr is the radiative heat flux
and Cp is the specific heat.

Incorporating the Roseland approximation we ob-
tain qr = − 4σ

3k∗
∂T 4

∂y , where σ is the Stefan-Boltzman
constant and k∗ is the absorption coefficient. We as-
sume that the temperature difference within the flow is
such that T 4 may be expanded in a Taylor series. Ex-
panding T 4 about T∞ and neglecting higher orders we
get, T 4 = 4T 3

∞T −3T4
∞. Now (3) becomes

∂T
∂ t

+u
∂T
∂x

+v
∂T
∂y

=
(

k
ρCp

+
16σT 3

∞
3ρCpk∗

)
∂ 2T
∂y2 . (5)

Introducing

ψ = x
√

cν
1−αt

f (n), θ (η) =
T −T∞

Tw −T∞
,

η =
√

c
ν

Γ (1−αt)−1/2,

(6)

inserting into (2) – (5), we have

f ′′′ +(1 + λ1)
(

f f ′′ − f ′2 − ζ
(η

2
f ′′ + f ′

)

+ λ θ −M2 f ′
)
+ β

(
ζ

(η
2

f iv + 2 f ′′′
)

+ 2 f ′ f ′′′ + 3 f ′′2 − f f iv) = 0,

(7)

1
Pr

(
1+

4
3Nr

)
θ ′′+ f θ ′−θ f ′− ζ

2
(ηθ ′+4θ )= 0, (8)

f (0) = S, f ′(0) = 1, θ (0) = 1,

f ′(∞) → 0, f ′′(∞) → 0, θ (∞) → 0,
(9)

where Pr = µCp/k is the Prandtl number, µ is the dy-
namic viscosity, λ is the dimensionless mixed convec-
tion parameter, ζ is the unsteadiness parameter, Nr is
the radiation parameter, and β is the dimensionless ma-
terial parameter known as Deborah number. These are
given by

λ =
gβT(Tw −T∞)x3/ν2

u2
wx2/ν2 =

Grx

Re2 ,

ζ =
α
c

, Nr =
KK∗

4σ∗T 3
∞

, β =
λ2c

1−αt
,

(10)

with Grx = gβT(Tw−T∞)x3/v2 being the local Grashof
number and Rex = uwx/ν is the local Reynolds num-
ber. It is noticed that λ > 0 corresponds to an assisting
flow (heated plate), λ < 0 corresponds to an opposing
flow (cooled plate), and λ = 0 yields forced convection
flow.

The skin friction coefficient and the local Nusselt
number Nux are given by

Cf =
τw

ρU2
w

, Nux =
xqw

k(Tw −T∞)
, (11)

in which τw and qw are the wall skin friction and the
wall heat flux, respectively, which are defined by the



T. Hayat and M. Mustafa · Jeffrey Fluid over a Stretching Sheet 713

following expressions:

τw =
µ

1 + λ1

[
∂u
∂y

+ λ2

(
∂ 2u
∂y∂ t

+ u
∂ 2u

∂y∂x

+ 2
∂u
∂x

∂u
∂y

+ v
∂ 2u
∂y2

)]
y=0

,

qw = −k
(

∂T
∂y

)
y=0

.

(12)

The dimensionless forms of above expressions are

Re1/2
x Cf =

1
1 + λ1

[
f ′′ + β

{
ζ
(

f ′′′
η
2

+
3
2

f ′′
)

+ 3 f ′ f ′′ − f f ′′′
}]

η=0
,

Nux/Re1/2
x = −θ ′(0).

(13)

3. Homotopy Analysis Solutions

The velocity f (η) and the temperature θ (η) in
terms of the set of base functions

{ηk exp(−nη)|k ≥ 0,n ≥ 0}

can be written as

f (η) = a0
0,0 +

∞

∑
n=0

∞

∑
k=0

ak
m,nηk exp(−nη), (14)

θ (η) =
∞

∑
n=0

∞

∑
k=0

bk
m,nηk exp(−nη), (15)

in which ak
m,n and bk

m,n are the coefficients. By the
rule of solution expressions and the boundary con-
ditions (10), the initial guesses f0 and θ0 of f (η)
and θ (η) are chosen as

f0(η) = S + 1− exp(−η), (16)

θ0(η) = exp(−η), (17)

and the auxiliary linear operators are selected in the
following forms:

L f =
d3 f
dη3 − d f

dη
, (18)

Lθ =
d2θ
dη2 −θ . (19)

Note that the above operators have the following prop-
erties:

L f [C1 +C2 exp(η)+C3 exp(−η)] = 0, (20)

Lθ [C4 exp(η)+C5 exp(−η)] = 0, (21)

where Ci (i = 1 – 5) are arbitrary constants.
If p ∈ [0,1] is an embedding parameter and h̄ f

and h̄θ denote the non-zero auxiliary parameters, re-
spectively, then the zeroth-order deformation problems
are constructed as follows:

(1− p)L f [ f̂ (η , p)− f0(η)] =

ph̄ fN f [ f̂ (η , p), θ̂ (η , p)],
(22)

(1− p)Lθ [θ̂ (η , p)−θ0(η)] =

ph̄θNθ [ f̂ (η , p), θ̂ (η , p)],
(23)

f̂ (η ; p)
∣∣
η=0 = S,

∂ f̂ (η ; p)
∂η

∣∣∣∣
η=0

= 1,
∂ f̂ (η ; p)

∂η

∣∣∣∣
η=∞

= 0,
(24)

θ̂(η ; p)
∣∣
η=0 = 1, θ̂ (η ; p)

∣∣
η=∞ = 0, (25)

in which the nonlinear operators N f and Nθ are

N f [ f̂ (η ; p), θ̂ (η ; p)] =

∂ 3 f̂ (η , p)
∂η3 +(1 + λ1)

[
f̂ (η , p)

∂ 2 f̂ (η , p)
∂η2

−
(

∂h f η
∂η

)2

−M2 ∂ f̂ (η , p)
∂η

−ζ
(

η
2

∂ 2 f̂ (η , p)
∂η2 +

∂ f̂ (η , p)
∂η

)
+ λ θ̂(η , p)

]

+ β
[

ζ
(

η
2

∂ 4 f̂ (η , p)
∂η4 + 2

∂ f̂ 3(η , p)
∂η3

)

+ 2
∂ f̂ (η , p)

∂η
∂ 3 f̂ (η , p)

∂η3 + 3
(

∂ 2 f̂ (η , p)
∂η2

)2

− f̂ (η , p)
∂ 4 f̂ (η , p)

∂η4

]
,

(26)

Nθ [ f̂ (η ; p), θ̂ (η ; p)] =

1
Pr

(
1 +

4
3Nr

)
∂ 2θ̂ (η , p)

∂η2

+ f̂ (η , p)
∂ θ̂ (η , p)

∂η
− ∂ f̂ (η ; p)

∂η
θ̂ (η ; p)

−ζ
2

(
η

∂θ̂ (η , p)
∂η

+ 4θ̂(η , p)
)

.

(27)
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When p = 0 and p = 1, we have

f̂ (η ;0) = f0(η), f̂ (η ,1) = f (η), (28)

θ̂ (η ;0) = θ0(η), θ̂ (η ,1) = θ (η), (29)

By Taylor’s theorem, we obtain

f̂ (η ; p) = f0(η)+
∞

∑
m=1

fm(η)pm, (30)

θ̂ (η ; p) = θ0(η)+
∞

∑
m=1

θm(η)pm, (31)

fm(η) =
1

m!
∂ m f (η ; p)

∂ηm

∣∣∣∣
p=0

,

θm(η) =
1

m!
∂ mθ (η ; p)

∂ηm

∣∣∣∣
p=0

.

(32)

The auxiliary parameters are so properly chosen that
the series (30) and (31) converge at p = 1, so we have

f (η) = f0(η)+
∞

∑
m=1

fm(η), (33)

θ (η) = θ0(η)+
∞

∑
m=1

θm(η). (34)

The mth-order deformation problems are

L f [ fm(η)− χm fm−1(η)] = h̄ fR f
m(η), (35)

Lθ [θm(η)− χmθm−1(η)] = h̄θRθ
m(η), (36)

fm(0) = 0, f ′m(0) = 0, f ′m(∞) = 0,

θm(0) = 0, θm(∞) = 0,
(37)

R f
m(η) = f ′′′m−1 +(1 + λ1)

[
−M2 f ′m−1

−ζ
(

η
2

f ′′m−1 + f ′m−1

)
+

m−1

∑
k=0

(
fm−1−k f ′′k − f ′m−1−k f ′k

+ λ (θm−1−k + Nφm−1−k)
)]

+β
[

ζ
(

η
2

f iv
m−1 + 2 f ′′′m−1

)

+
m−1

∑
k=0

(2 f ′m−1−k f ′′k + 3 f ′′m−1−k f ′′k − fm−1−k f iv
k )

]
, (38)

Rθ
m(η) =

1
Pr

(
1 +

4
3Nr

)
θ ′′

m−1

− ζ
2

(ηθ ′
m−1 + 4θm−1)

+
m−1

∑
k=0

[ fm−1−kθ ′
k −θm−1−k f ′k],

(39)

χm =
{

0, m ≤ 1,
1, m > 1.

(40)

The general solutions of (33) and (34) are

fm(η) = f ∗m(η)+C1 +C2 exp(η)+C3 exp(−η), (41)

θm(η) = θ ∗
m(η)+C4 exp(η)+C5 exp(−η), (42)

where f ∗m(η), θ ∗
m(η), and φ∗

m(η) denote the special so-
lutions and

C1 = −C3 − f ∗m(0), C2 = C4 = 0,

C3 =
∂ f ∗m(η)

∂η

∣∣∣∣
η=0

, C5 = −θ ∗
m(0).

(43)

4. Convergence of the Homotopy Solutions

We note that the solutions (33) and (34) consist of h̄ f
and h̄θ which can adjust and control the convergence of
the series solutions. To find the admissible values of h̄ f
and h̄θ of the functions f ′′(0) and θ ′(0), the h̄ f and h̄θ -
curves are displayed for 15th-order of approximations.
It is obvious from Figure 1 that the range for the admis-
sible values of h̄ f and h̄θ are −0.8≤ h̄ f and h̄θ ≤−0.3.
The residual error for the functions f and θ at η = 0
are plotted in Figure 2. Performed computations fur-
ther show that the series given by (33) and (34) con-
verge in the whole region of η when h̄ f = h̄θ = −0.6.

5. Results and Discussion

This section shows the effects of pertinent param-
eters on f ′ and θ . For this purpose, we plotted Fig-
ures 3 – 9. The numerical values of skin friction coeffi-
cient Re1/2

x Cf and the local Nusselt number Re−1/2
x Nux

Fig. 1. h̄-curve for the functions f and θ at 15th-order of
approximations.
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(a) (b)

Fig. 2. (a) Residual error for the function f at η = 0 when S = 0.5, β = 0.1, ζ = 0.3, λ = M = Pr = Nr = 1.0 (20th-order of
app.). (b) Residual error for the function θ at η = 0 with the same parameters.

Table 1. Values of skin friction coefficient Re1/2
x Cf and local

Nusselt number Re−1/2
x Nux for some values of S, β , ζ , M,

and λ when Pr = Nr = 1.0.

S β ζ λ M −Re1/2
x Cf −Re−1/2

x Nux

0.0 0.1 0.1 1.0 1.0 1.041247 0.682991
0.3 1.164567 0.745214
0.5 1.252387 0.790209
0.7 1.343877 0.838091

0.0 1.241597 0.820287
0.2 1.464787 0.851097
0.3 1.585177 0.868517
0.4 1.701427 0.870253
0.1 0.0 1.289837 0.779392

0.2 1.359127 0.892452
0.4 1.490937 0.990791
0.6 1.580127 0.078577
0.1 0.5 1.582697 0.807630

0.8 1.437437 0.826797
1.2 1.252477 0.848474
1.5 1.118890 0.862683
1.0 0.5 1.008717 0.873676

0.8 1.192077 0.853977
1.0 1.343877 0.838090
1.2 1.511647 0.821081

for various values of emerging parameters are given in
Tables 1 and 2. Figure 3 displays the effects of suction
parameter S on the velocity and temperature profiles.
Velocity and temperature are found to decrease with
the increasing values of S. This follows from the fact
that the heated fluid is pushed towards the wall, where
the buoyancy forces can act to retard the fluid due to
the high influence of viscosity. This effect acts to de-
crease the wall shear stress. The boundary layer thick-
ness for temperature reduces in case of suction. The
effect of Deborah number is explained in Figure 4. It is
seen that the velocity and the boundary layer thickness
are increasing functions of the Deborah number. How-

Table 2. Values of skin friction coefficient Re1/2
x Cf and local

Nusselt number Re−1/2
x Nux for some values of Pr and Nr

when S = 0.7, ζ = 0.1, and λ = M = 1.0.

Pr Nr −Re1/2
x Cf −Re−1/2

x Nux

0.8 1.0 1.306197 0.722779
1.2 1.375857 0.947961
1.5 1.416037 1.105217
2.0 1.468527 1.352727

0.8 1.444157 1.230907
1.2 1.486697 1.452777
1.5 1.506077 1.573617
2.0 1.528867 1.722897

ever, the temperature profile decreases upon increas-
ing Deborah number β . The influence of unsteadiness
parameter on the fluid velocity and temperature is dis-
cussed in Figure 5. Appreciable change for the rate of
increase in velocity and temperature is observed. The
influence of mixed convection parameter λ is shown in
Figure 6. The increasing values of λ indicate the larger
temperature and concentration gradient from the wall
relative to the ambient. In other words, the increasing
values of λ corresponds to the stronger buoyancy force
and thus lead to the larger velocity. The larger velocity
accompanies with the decreasing boundary layer thick-
ness for temperature. The effect of Hartman number
is explained in Figure 7. It is obvious that the appli-
cation of magnetic field causes higher restriction to
the fluid, which reduces the fluid velocity (Fig. 7a)
and enhanced the temperature. The effect of Prandtl
number Pr on the velocity and temperature fields is
plotted in Figure 8. The boundary layer thickness de-
creases by increasing Prandtl number for the tempera-
ture field. From the physical point of view, the higher
Prandtl number coincides with the weaker thermal dif-
fusivity and thinner thermal boundary layer thickness.
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(a) (b)

Fig. 3. Effect of suction parameter S on f ′ and θ .

(a) (b)

Fig. 4. Effect of Deborah number β on f ′ and θ .

(a) (b)

Fig. 5. Effect of unsteadiness parameter ζ on the f ′ and θ .
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(a) (b)

Fig. 6. Effect of mixed convection parameter λ on f ′ and θ .

(a) (b)

Fig. 7. Effect of Hartman number M on f ′ and θ .

(a) (b)

Fig. 8. Effect of Prandtl number Pr on f ′ and θ .
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(a) (b)

Fig. 9. Effect of radiation parameter Nr on f ′ and θ .

The influence of radiation parameter Nr on the veloc-
ity and temperature profiles is discussed in Figure 9.
This figure depict that both, the velocity and tempera-
ture fields, decrease for large values of Nr.

Tables 1 and 2 show the values of the skin fric-
tion coefficient Re1/2

x Cf and the local Nusselt number

Re−1/2
x Nux. The magnitude of the skin friction coeffi-

cient increases with the increase of S, β , ζ , m, and Pr.
However, it decreases with the increase in λ . The mag-
nitude of the local Nusselt number increases for large
values of S, ζ , Pr, and Nr. There is a decrease in the
local Nusselt number for large values of β , λ , and M.
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